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Influence of a Supersonic Flowfield on the
Elastic Stability of Cylindrical Shells

GERALD W. BARR*
Sandia Laboratories, Albuquerque, N. Mex.

AND

RONALD O. STEARMAN!
University of Texas, Austin, Texas

The rather complex interaction problem of shell divergence and panel flutter that may be
encountered by an aerospace vehicle during the boost phase of a trajectory is treated theo-
retically and the results then compared qualitatively with recent experimental observations.
The analytical model considers the combined influence of internal pressure and axial com-
pressive loading on a thin-walled cylindrical shell in a supersonic flowfield. Radial edge con-
straint and initial imperfections also are considered. The formulation employs the non-
linear Donnell shell equations and a linear "piston theory" aerodynamic approximation and
utilizes a kinetic stability approach. The aeroelastic stability of the shell is determined
about its deformed middle surface using Galerkin's technique in a modal solution. The re-
sults of the analysis indicate that the supersonic flowfield has no effect on the critical buckling
load or the unstable mode of the shell. Small amounts of axial loading, however, were found
to reduce significantly the critical panel flutter speed of the shell. These results were veri-
fied, at least qualitatively, in recent wind-tunnel tests on shell models.
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Nomenclature

equivalent linear matrix, 2N X 2N
matrices, dynamic stability problem
flexural rigidity, Eh*/I2(l - v*)
Young's modulus of elasticity
stress function
F/Eh*
axial dependence of displacement
axial dependence of stress function
thickness of shell
identity matrix, 2N X 2AT
reduced frequency, &R/U — k + ik*
eigenvalue of nonlinear stability problem
cylinder length
axial half waves of unstable mode
Mach number
number of assumed modes
circumferential wave number
midplane stress resultants
applied axial stress resultant
buckling load ratio, NXR[3(1 - v*)]ilz/Eh*

Received April 4, 1969; revision received October 13, 1969.
Work performed under the auspices of the Air Force Office of
Scientific Research, Arnold Engineering Development Center,
and the Atomic Energy Commission.

* Staff Member, Dynamic Analysis Research Division.
Member AIAA.

t Associate Professor, Department of Aerospace and Engi-
neering Mechanics. Member AIAA.

p = net radial outward surface pressure
pa — radial aerodynamic component
p = pressure differential across shell skin, positive

for tensile hoop stress, psig
p = P/E(R/h)z[l2(l - *>2)1/2/7r2]
pm = freestream static pressure
q = dynamic pressure, ip^C/2 = (7/2) pmM2

R = cylinder radius
t = time
u,v,w = middle surface displacements: axial, circumferential,

and radial, respectively
U = freestream velocity
wr = initial imperfection, ji sm(rirx/L)
Wr = Wr/h
x,y,z = coordinate axes, see Fig. 1
Xm,Ym = coefficients of displacements and stress functions

series
Zm = mir/(L/R)
a = X/R
]8 = Mach number parameter (M2 — 1)1/2

7 = adiabatic exponent
yxy = shearing strain component
dk = roots of homogeneous part of static problem
ex,e^ = normal strain components
6 = y/R
PL = imperfection amplitude
v = Poisson's ratio
ps = shell density
poo = freestream density
T = time, Ut/R
( )s = static component of ( )
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( )o = dynamic component of ( )
(~ ) = nondimensional form of ( )
V4 = [( ),«««« + 2( ),aaee + (

1. Introduction

THE structural loads imposed on many aerospace vehicles
passing through the region of maximum dynamic pressure

during the boost phase of a trajectory are quite severe and
may result in the structure becoming aeroelastically unstable
in either a static or a dynamic mode, i.e., diverging or flutter-
ing, respectively. Since the primary structural member is
usually the thin-walled cylindrical shell, the stability of this
type of structure is of fundamental concern to the designer.
The primary objective of this investigation is to obtain the
combination of applied stress states in the shell for which the
critical mode of the aeroelastic instability will be shell di-
vergence rather than shell flutter. The applied stress state
is due to internal pressure, axial load, and external flow
conditions. The influence of 1) the supersonic flowfield on
the critical buckling load of the shell, and 2) the axial com-
pressive loading on the dynamic aeroelastic flutter boundary
will be determined.

Stearman1 in 1962 and Olson2 in 1964 conducted super-
sonic wind-tunnel studies on the aeroelastic stability of thin-
walled cylindrical shells. During these studies, shell buck-
ling under external hydrostatic pressure and under a com-
bined internal pressure and axial compressive load were in-
vestigated in the presence of an external supersonic flowfield
parallel to the shell's axis. The results of the buckling
studies did indicate that the supersonic flowfield had a
slightly destabilizing or negligible influence on the critical
buckling load. Only a limited amount of experimental
data were obtained during these wind-tunnel tests because of
the difficulty and expense involved in performing this type
of investigation. Therefore, to gain better insight into the
basic features of the problem before extensive wind-tunnel
experiments were performed, the authors felt that this rather
complex problem should be investigated from an analytical
point of view initially, attempting only qualitative com-
parisons with the limited amount of experimental data
available to date.

2. Theoretical Analysis

The theoretical portion of the study investigates the
aeroelastic stability characteristics of thin-walled finite
length cylindrical shells having large radius to thickness ratios
and small initial deviations of the median surface from that
of a perfect cylindrical shell. The analytical model under
study, flow condition, coordinate systems, and static loading
conditions are shown in Fig. 1. The initial imperfections are
axisymmetric having a harmonic wave form in the axial
direction. The outer surface of the shell is exposed to a
supersonic flow parallel to the shell's axis. Static loading
consists of a combined internal pressure and/or axial com-
pressive loading.

SPEED OF SOUND a^
STATIC PRESSURE p
MASS DENSITYPoo

VELOCITY U

INTERNAL PRESSURE p (psig)

2.1 Problem Formulation

The present analysis investigates the aeroelastic stability
of the shell about its deformed middle surface utilizing a
kinetic stability approach. The initial geometric imperfec-
tions and the prestability deformations, resulting from the
interaction of the initial imperfections and radial edge con-
straint with the static preload, constitute the deformed middle
surface of the shell. A set of nonlinear Donnell type shell
equations coupled with a linear piston theory aerodynamic
approximation are used to describe the motion of the shell
and the radial surface loading due to the supersonic flowfield.
The geometric nonlinearities along with the initial imper-
fections are introduced into the shell theory through the
strain-displacement relations. In-plane inertia has been
neglected in the equation of motion due to the predominantly
radial motion of the shell. The governing equations of
motion of a cylindrical shell with initial deviations of the
median surface are written in terms of the radial displacement
w, and the total stress function F, as

1
w,xxw,yy

DV4w + F,*x ~ F,yy(w,xxri

Wr,yyW,xx + 2Wr,xVW,xy (1)

Wr,xV) = (2)

where the commas denote partial differentiation. The first
expression is a compatibility relationship and the second is
the displacement equilibrium relation. The associated
boundary conditions of a shell with simply supported "zero
tangential shear stress" edges at x = 0,L are

v(x,y,t) = w(x,y,t),xx = F(x,y,t),xy = 0

F(x,y,f),yy = Nx

(3)

which represent vanishing radial displacement, moment, and
tangential shear stress with the axial stress equal to the
applied axial stress. These conditions were felt to more nearly
represent the boundary conditions imposed by the wind-
tunnel test model on the experimental shells that are used to
substantiate the theoretical results, at least qualitatively.
The influence of different structural boundary conditions are
discussed in the literature.3'4

The surface loading may be defined as

p(x,y,t) = p — pshw,tt + pa (4)

where the first term is the pressure differential across the skin
of the shell and the second term is the inertial loading result-
ing from the motion of the surface. The radial aerodynamic
pressure is approximated by a first-order piston theory,
with a curvature correction term, to the more exact linearized
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Fig. 1 Shell geometry and flow conditions. Fig. 2 Problem separation schematic.
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potential flow expression as

where w is the total displacement of the middle surface with
respect to a perfect cylinder.

Recent experimental observations5 cast serious doubt as
to the validity of employing linear piston theory to describe
the unsteady pressure field over the shell because of the
strong influence of the viscous boundary layer. Earlier
experimental6 studies however, do indicate that the static
component of the aerodynamic pressure field can be repre-
sented adequately by such simple approximations. Conse-
quently, this aerodynamic approximation should be ade-
quate for the static aeroelastic stability problems of interest
in the present study.

The analysis has been separated into two major formula-
tions that are illustrated schematically in Fig. 2. The first
formulation3 considers a perfect cylindrical shell, whereas the
second formulation4 considers the shell to have axisymmetric
initial imperfections of harmonic waveform. Both formula-
tions contain the so-called classical analysis, PATHS #1 and
#3, and a nonclassical analysis, PATH #2 and #4, as special
cases. The classical analysis considers only a kinetic sta-
bility solution with respect to the undeformed middle surface
of a freely expanded membrane shell. The nonclassical
approach, on the other hand, determines the statically de-
formed middle surface due to the initial loading conditions
and then determines the stability of the shell about the de-
formed middle surface with the kinetic stability approach.
A fairly detailed account of these analyses can be found in
Ref. 4 and therefore, only a brief description will be pre-
sented in this paper.

A complete consistent solution to the stability problem is
accomplished in two steps. The first step determines the
prestability deformation of the middle surface due to the
application of initial preloads and radial pressure from the
airstream. This deformation is obtained in closed form from
a set of steady-state response equations obtained by separat-
ing Eqs. (1) and (2) into their static and dynamic components
by making the following substitutions:

w(x,y,t) = ws(x)
F(x,yfi = F.(x,y)

p(x,y,t) = ps(x)
F*(x,y,t)

p°(x,y,t)
(6)

This is possible because of the axisymmetric property of the
initial imperfections, the surface loading, and the resulting
prestability deformations. A set of equations governing the
static prestability deformations (subscript s) is obtained by
virtue of preflutter equilibrium. A second set of equations
in terms of the dynamic components (superscript 0) govern
the dynamic stability of the shell about its deformed middle
surface. The two systems of equations are coupled through
the induced static deformation and stress terms.

2.2 Static Prestability Response

The deformed middle surface of the shell is determined
from the set of steady-state response equations

Dws,xxxx + (l/R)Fs,xx - Fs,yywSiXX = ps(x) + Fs,yywr,xx (7)

and

(l/Eh)V*F. = (l/B)w,.« (8)

where the static component of the radial surface loading is

p.(x) = p - (2q/0) {(w. + 18,)., - (l/2/SB)(w. + wr)} (9)

The associated boundary conditions at x = 0,L are

wa(x) = ws(x),xx = Fs(x,y),xy = 0; Fs(x,y),yy = Nx (10)

The general analytical solution consists of reducing Eqs.
(7) and (8) to a single equivalent equation of motion

- Nxws
11 + (Eh/R2)ws = ps(x) -

with the initial geometric imperfection defined by

wr = M sm(rirx/L)

(11)

(12)

where /Z is the prescribed amplitude of the imperfection.
The resulting nondimensional deformation shapes have the
form

ws(a) = (13)

where the S'^s are the roots of the characteristic polynomial
of the homogeneous solution and the C'&s are obtained by
applying the boundary conditions. The constant KI is
associated with the freely expanded radial deformation of
an unconstrained shell and K% and K 3 are constants associated
with the initial imperfection shape.

2.3 Dynamic Stability Solutions

In the second step, the dynamic stability of the shell was
investigated by perturbing the shell's middle surface with an
oscillatory motion of infinitesimal amplitude. Therefore,
the set of governing equations will be nonlinear partial
differential equations with variable coefficients. Lineariza-
tion is accomplished by neglecting products of the dynamic
components. These linearized dynamic stability equations
have the form

n\74,i,o i _JL/V W ^T n
II

and

°,xy = p°(x,y,t) (14)

txx _ s __ r , y y

Eifl /L

where the dynamic component of the surface loading is

p\x,y,t) = -pshw°,tt -

w° (16)20R

The primes denote ordinary differentiation with respect to
x. The associated boundary conditions at x = 0,L are

w°(x,y,t) = wO(x,y,t)tXX = F°(x,y,t),xv =
FQ(x,y,t),yy = 0 (17)

Modal solutions of the following form are assumed:

FQ(a.,Q,r) = g(a) cosn6eikT

where the axial deformation function and the axial stress
function satisfying the boundary conditions are denoted by

N

(19)

(18)

m= 1

Galerkin's approximation was applied simultaneously to
Eqs. (14) and (15) to reduce the stability problem to a non-
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linear eigenvalue problem of the form

[k*B0 - kBl - B2}± = 0 (20)

The reduced frequency, k = uR/U = k + ik*, was con-
sidered to be the eigenvalue. An equivalent linear eigen-
value problem

det[A - kl] = 0 (21)
having the same eigenvalues as Eq. (20) was obtained with
an equivalent matrix A defined by

A = X 2N (22)

The identity matrix / is 2N X 2N, whereas the identity E
is only N X N. The procedure used to reduce this non-
linear problem, Eq. (20), to an equivalent linear relation has
been developed by Franklin7 and Guderley.8

2.4 Static Buckling Problem

The invacuo elastic stability or buckling of a thin cylindri-
cal shell also is investigated using the kinetic stability ap-
proach. This stability approach poses the question "What
is the value of the load for which the most general free motion
of the system ceases to be bounded?" In reality, the kinetic
method employs a standard vibration analysis in which the
applied axial loading, Nx, is a free parameter. The critical
buckling load is obtained by tracing the natural frequencies
of the shell as the axial load increases. When the critical
buckling load is approached, from the stable side, one of the
modal frequencies of the shell will tend to zero. Therefore,
the axial load that causes this frequency to vanish is con-
sidered to be the critical buckling load.

The vibration or kinetic buckling solution and the aero-
elastic stability solution are very similar except that all the
aerodynamic terms vanish, i.e., BI = 0, in the vibration prob-
lem. Therefore, the nonlinear eigenvalue problem, Eq.
(20) reduces to

- £2]X = 0 (23)

which may be recast in the form of a standard eigenvalue
problem

[A - X/]X = 0 (24)

where A = BQ~1B2 and X = A:2. The eigenvalues can now
be defined in terms of the natural frequencies of the shell,
i.e., k = coT, which are nondimensionalized with respect to
the period of oscillation T of the first axisymmetric vibration
mode of an infinitely long cylindrical shell.

2.5 Stability Criteria

The stability criteria employed in this analysis is to ob-
serve the behavior of the eigenvalue, k = k + ik*, as a

function of the freestream static pressure or applied axial
load. The oscillatory motion of the shell is assumed to have
the form

w°(a,9,T) ~ eikr = e^T e~k*T (25)

Considering this expression, the motion is seen to be oscilla-
tory when k' 5* Q and nonoscillatory when k = 0. Also, the
motion will be convergent (stable) if &* > 0 and divergent
(unstable) if k* < 0. Therefore, the onset of the dynamic
instability (flutter) may be defined as the point when k*
changes sign from positive to negative, i.e., k* = 0, and the
motion of the surface becomes undamped simple harmonic.
Since aerodynamic buckling or divergence is a nonoscillatory
type instability, the unstable eigenvalue is characterized by
k = 0 and k* < 0. The kinetic buckling or vibration prob-
lem has been redefined such that the eigenvalue is denoted
as X = k2. Therefore, the critical buckling load ratio is
obtained by increasing Nx until the Re(\) = (k* — &*2)
changes from positive to negative with a vanishing Jm(X).
This condition occurs when k = 0 and k* = 0.

2.6 Theoretical Results

The primary objective of the theoretical study is to deter-
mine the influence of an external supersonic flowfield on the
critical buckling load of a finite length cylindrical shell. The
axial compressive load, internal pressure, and freestream
static pressure of the flowfield were varied to achieve different
stress states. A shell geometry having a L/R = 2.0 and
R/h = 2000 was chosen for this interaction study in order
to obtain a qualitative correlation with existing experimental
results. The shell is assumed to be initially perfect in an
unstressed state with a Mach 3.0 supersonic flowfield parallel
to the center line of the shell. Both the buckling and aero-
elastic stability boundaries were minimized with respect to
the circumferential wave number, n.

The first step in this study was to characterize the elastic
stability (buckling) behavior of the cylindrical shell with
respect to a nondimensional shell internal pressure parameter
p, and the axial load parameter, Nx. This study employed
both the classical solution and the solution that includes
the nonlinear prebuckling behavior of the shell. It was ob-
served for the thin shell studied that the predeformations
induced by the radial edge constraint did not affect the
buckling phenomena. This is primarily because the edge
constraint is felt only in a very narrow boundary-layer re-
gion near each edge of the shell. This buckling behavior is
illustrated in Fig. 3 by comparing both solutions. An inter-
esting trend to note in this figure is that even the classical
solution exhibits a critical mode shape change of the buckling
instability with increasing internal pressure. At zero in-
ternal pressure, the critical buckling mode shape is one of
high-circumferential wave number, n = 29, which then
degenerates to the axisymmetric instability shape as the in-

FREELY-EXPANDED EDGE (PATH ID
AND CONSTRAINED EDGE (PATH #2)

Fig. 3 Still air
buckling interac-

tion curve.
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Fig. 4 Aeroelastic stability boundary at Nx = 0.
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CRIT ICAL BUCKLING LOAD RATIO N*

Fig. 5 Influence of axial compression loading on the aero-
elastic stability boundary.

ternal pressure is increased. This trend has been observed
experimentally for thin shells9 but was not predicted theo-
retically by Almroth10 for the thicker shell geometries and
range of parameters studied.

The aeroelastic stability behavior for a shell with zero
axial load is presented in Fig. 4 as a function of shell internal
pressure. As in the buckling study, the influence of the
nonlinear prebuckling behavior has a negligible effect on the
stability boundary. Therefore, only the so-called classical
formulation will be used to investigate the influence of the
airstream on the critical buckling load of these thin shells.

The study to determine the critical stress states and flow
conditions where divergence occurred instead of shell flutter
was performed at discrete values of applied axial load and
shell internal pressure. The freestream static pressure was
then varied until an instability, flutter or divergence, occurred
as defined by the stability criteria. Three different shell
internal pressures were examined, p = 0.0,0.5, and l.Opsig,
and the corresponding stability boundaries are shown in
Fig. 5. The complete aeroelastic stability boundary for the
shell pressurized to 1.0 psig was not obtained because of the
excessively large number of terms required to obtain com-
plete convergence. The nonconverged stability boundary is
represented by the dashed line. However, since the con-
vergence character of the solution is different for the static
and dynamic solutions, it is felt that the critical divergence
load is predicted correctly. It can be seen that for each
shell internal pressure level, the stability behavior exhibits a
similar trend as a function of applied axial load. As the
applied axial stress resultant Nx, is increased, the ability of
the shell to resist an aerodynamic flutter type instability
decreases as much as 85-90% of the zero axial load case.
This pronounced destabilizing trend occurs at axial loads
less than 40% of the static still air buckling load of the shell.

LEGEND

o PATH 13
a PATH *4

——— r - 2
—— r • 3

E = 14 X 10° psi
L/R = .727
R/h • 100.
M-0.0
WH - 1.0
p = 0.0
24 TERMS

-.5 0 .5
IMPERFECTION AMPLITUDE RATIO JT

Fig. 7 Ogive-cylinder wind-tunnel flutter model.

The critical circumferential wave number is essentially con-
stant in this range of axial load variation. For axial loads
above approximately 40% of the critical buckling load, the
freestream static pressure required to cause an aeroelastic
instability remains fairly constant but the critical circum-
ferential wave number decreases until a critical axial load
is reached. At this axial load, the shell diverges into a static
buckled shape with a corresponding circumferential wave
number equivalent to that predicted from still air buckling
studies. Also, the critical divergence axial load obtained in
the presence of a supersonic flowfield is essentially the same as
the critical buckling load predicted by the still air buckling
study at corresponding shell internal pressures.

It is apparent from the aforementioned study that the
axial load carrying capability of thin cylindrical shells is not
influenced by the existence of an external supersonic flow-
field. However, this does not preclude the necessity of
investigating the dynamic stability of the shell since for
certain flow and stress conditions the shell may be statically
stable but dynamically unstable. This condition might exist
in the region of maximum dynamic pressure during the boost
phase of a trajectory where freestream static pressure is in-
creasing rapidly and the applied axial load also is increasing
due to aerodynamic drag and payload inertia.

The influence of axisymmetric initial geometric imperfec-
tions having a harmonic wave form in the axial direction on
the still air buckling load was investigated using both solu-
tions of formulation #2 in Fig. 2. A relatively thick (R/h =
100) short (L/R = 0.727) cylindrical shell having an asym-
metric (r = 2) and a symmetric (r = 3) imperfection shape
were investigated. The influence of the imperfection ampli-
tude, ranging from zero for a perfect shell up to one shell
thickness, on the critical buckling load is presented in Fig. 6
for both imperfection shapes. An interesting trend to note
is that for small amplitude imperfections, the prebuckling
solution (PATH #4) is slightly stabilizing with respect to
the classical solution (PATH #3), but as the amplitude ratio
increases, the influence of prebuckling response becomes
destabilizing. Also, the mode number of the instability
increases with increasing amplitude of the imperfection.

The influence of relatively long wavelength (r = 3 and 4)
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Fig. 6 Influence of the imperfection amplitude on the
critical buckling load ratio.

Fig. 8 Buckling interaction curves and loading condi-
tions on aeroelastically unstable shells.
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Fig. 9 Elliptical buckled
pattern due to radial pres-
sure loading in the pres-
ence of a Mach 2.2 air

stream.

axisymmetric initial imperfections on the aeroelastic stability
characteristics of thin cylindrical shells has been investigated
previously by the authors.4 It was observed that the com-
bined influence of initial imperfections and nonlinear pre-
buckling deformations produced a pronounced destabilizing
influence on the flutter boundary obtained with the classical
approach. This inclusion of initial geometric imperfections
in the stability analysis is seen to represent an over-all im-
provement in the correlation between theory and experi-
mental observations for cylindrical shell flutter.

3. Experimental Observations

A limited number of experimental observations have been
made on the interaction characteristics of the buckling and
panel flutter of thin cylindrical shells in the presence of a
supersonic flowfield. These observations were obtained on
two different wind-tunnel models, an ogive-cylinder model5-11

and a ducted model.1'2'12 The most recent experiments were
performed on the ogive-cylinder model illustrated in Fig. 7,
whereas some of the earlier studies were performed on the
ducted model illustrated in Ref. 2. The thin test shells under
investigation were located on the cylindrical section near the
base of each model. The shell geometries for both models
were identical but the local flow conditions, i.e., the boundary-
layer characteristics, were different. A brief summary of
these studies is presented below along with some recent
observations obtained with the ogive model but not reported
in the literature.

3.1 Buckling Interaction Curve

All of the experimental buckling studies were concerned
with the buckling of circular cylindrical shells under a com-
bined internal pressure and axial compressive end loading, a
radial pressure loading only, or an axial compressive loading
only. These studies were conducted both with and without
the presence of a supersonic flow external to the shell and
parallel to its axis.

Initial studies were conducted in still air to determine ex-
perimentally a buckling interaction curve for the cylindrical
shells of interest. The influence of the airstream was then
estimated by comparing shell buckling data taken in the wind

Fig. 10 Diamond buckled
pattern due to axial com-
pressive loading in the
presence of a Mach 2.2 air

stream.

tunnel with this experimentally determined still air inter-
action curve.

Buckling data taken from several tests have been super-
imposed on the buckling interaction curve illustrated in
Fig. 8. The shaded symbols represent points determined
from still air buckling studies, whereas the open symbols
denote wind-tunnel test points. The flow conditions and
radius to thickness ratios are indicated beside each of the
test points. The open triangular symbols represent dynamic
instabilities observed in Ref. 11 and current wind-tunnel
studies. The other open symbols represent static (buck-
ling) instability in the presence of an airstream. A tabula-
tion of these data and their source is presented in Table 1.

Figures 9 and 10 illustrate typical buckle mode patterns
observed on two shells buckled in the presence of an air-
stream. These photographs were taken for the data points
indicated by the vertical arrows at the lower internal pres-
sures on the buckling interaction curve. At the data point
indicated by the vertical arrow at the higher internal pressure
on the buckling interaction curve, an axially symmetric
bellows type buckling mode was observed. These buckle
mode patterns are qualitatively similar to those obtained in
still air buckling studies.9 The airstream in these cases
caused no significant change in the buckling mode patterns.
A review of the buckling interaction curve shown in Fig. 8
also indicates that no significant shift occurs in the wind-
tunnel buckling points (open nontriangular symbols) when
compared to their still air buckling counterparts (dark
symbols). On the basis of these limited experimental
observations, the supersonic airstream appears to have only
a minor influence on the buckling characteristics of cylindrical
shells.

3.2 Repeated Buckling of a Cylindrical Shell

Experimental buckling data for a given shell configuration
which includes external flow effects is difficult and time con-
suming to obtain since each shell is permanently damaged
after its initial buckling. Each point must be obtained with
a new test model and a new wind-tunnel run. In view of
this, an alternate procedure described below is being followed
to evaluate further the influence of a flowfield on the buckling
instability of thin cylindrical shells.

Table 1 Buckling interaction and flutter data

Event

Buckle
Buckle
Buckle
Buckle
Buckle
Buckle
Buckle
Buckle
Buckle
Flutter
Flutter
Flutter
Flutter
Flutter

Source
2

2
2

2
2

2

Jan. '68
Jan. '69
Jan. '66
11
11
11
11
11

Mm

3.0
3.0
0
0
0
0
2.6
2.2
0
1.2
1.2
1.5
1.5
1.2

psf

2474
3173

1300
350

2600
2600
2000
2000
2600

No. times
buckled

1
1
1
1
1
1
1
1
2
0
0
0
0
0

p
Ib

90
700
390
350
400

0
200
200
130

0
0

130
105
210

P
psi

-0.037
3.93
0
0
0

-0.050
0.111
0.055
0.900
0.240
0.270
0.910
0.480
0.520

h
in.

0.0040
0.0039
0.0041
0.0040
0.0044
0.0040
0.0033
0.0032
0.0020
0.0033
0.0031
0.0021
0.0020
0.0040

R/h

2000
2050
1950
2000
1820
2000
2420
2500
4000
2420
2580
3800
4000
2000

ft*
[3(1 - v2)]1/2

0.056
0.458
0.230
0.218
0.205
0
0.250
0.222
0.406
0
0
0.334
0.298
0.169

P7T2

12(1 -

-0.
1.
0
0
0

-0
0.
0
1
0.
0.
0.
0.
0.

- ,,2)1/2

009
03

.012

.047

.025

.03
100

.128

.940

.548
148
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Fig. 11 Shells buckled a repeated number of times to
establish an asymptotic buckling load.

In Ref. 13 an experimental study is described that was
conducted to determine the buckling load history as a cy-
lindrical shell was repeatedly buckled under axial end loads.
It was demonstrated in this study that the buckling load
decreases quite rapidly after the first buckling, but finally
approached an asymptotic value after the shell was buckled
several times. This asymptotic behavior of the buckling
load was attributed to the formation of a plastic hinge
pattern over the shell. After the shell had been buckled a
sufficient number of times, this plastic hinge pattern was
fairly well established and the load carrying capacity of the
shell determined.

The present authors made similar observations on the
cylindrical shell flutter models employed in this study. The
results of the observations are shown in Fig. 11, which illus-
trated the buckling load history of a typical flutter shell
that has been repeatedly collapsed under an axial com-
pressive load in still air. Each time after the shell was
buckled it was pressurized to eliminate the buckles. The
pressure was then removed and the shell was buckled again.
After the shell had been buckled several times, subsequent
loading revealed that a small local buckle might frequently
appear at lower loading levels than that which would cause
the shell to suddenly collapse. The loading resulting in a
sudden collapse of the shell was always taken as the critical
buckling load and not the lower load that initiated a localized
small dimple in the shell.

The previous asymptotic behavior of a cylindrical shell
also was verified in the wind tunnel for a shell loaded under
a combined internal pressure, axial load, and aerodynamic
pressure due to the external flowfield. The following ex-
perimental procedure was employed. The wind-tunnel
flow conditions and axial load were fixed with a high-internal
pressure level in the shell. After the test conditions were
established, the internal pressure was then reduced until
buckling occurred. The shell internal pressure was then
increased until the buckles were removed, and the process
repeated. A review of the data, illustrated in Fig. 11, indi-
cates that a similar asymptotic character exists for a shell
loaded under combined internal pressure and axial load
buckling in the presence of an airstream.

Current studies are under investigation to determine the
influence of the airstream on this asymptotic buckling load
of the shell since it may be a more practical way of evaluating
the influence of the airstream on the elastic stability of the
shell.

3.3 Interaction of Buckling and Flutter

A few qualitative observations have been made on the
interaction of shell buckling and panel flutter during recent

Fig. 12 Shell flutter—diamond buckling transition at
M = 2.2. Frame speed 400 fps. Flow is from left to right.

wind-tunnel tests. These observations were made both
during the actual testing and after studying high-speed
films taken during the buckling and/or fluttering occurrence.
These observations are presented below.

For specified flow conditions below a certain critical dy-
namic pressure, the cylindrical shell was found to be only
statically unstable, buckling at a load and into a modal
configuration that was not significantly different from that
expected for the shell in the absence of an airstream. The
specific form of the final modal configuration depended upon
the location of the buckle point on the buckling interaction
curve as illustrated by Figs. 8-10. Above a critical dynamic
pressure level a panel flutter instability occurred at internal
stress levels slightly below those levels that would induce
shell buckling or divergence. These dynamic instabilities
are indicated by the open triangular points on the buckling
interaction curve. One observation was made in which the
stress level, due to a combined internal pressure and axial
load, was increased further to the critical buckling level after
flutter was well established on the shell. In this case, the
panel flutter instability was completely stabilized by the
formation of the diamond pattern buckling mode shape.
This is illustrated in the sequence of frames shown in Fig. 12.

In the case of a radial pressure loading only at sufficiently
small dynamic pressures, the shell would buckle into the
typical buckle mode pattern illustrated in Fig. 9. At dynamic
pressures above some critical value a panel flutter instability
would occur at stress levels slightly below those that would
lead to shell buckling under radial pressure. After panel
flutter had been established on the shell and the stress level
was changed to induce radial buckling, two different observa-
tions were noted. For the relatively thicker shells, (R/h =
2000 to 2500), the shell would buckle into a modal pattern
similar to that illustrated in Fig. 9, which appeared to stabilize
the shell against flutter.1 For the thinner shells (R/h =
4000), high-speed movies taken during recent wind-tunnel
tests indicated that a postbuckling flutter response would
occur. In the latter case, a dynamic instability was ob-
served which was superimposed upon a basic buckling mode
similar to that illustrated in Fig. 9. The resulting flutter
mode had an apparent wave motion in the circumferential
direction of the shell normal to the airstream direction and
the major axis of the elliptic shaped buckles. This motion,
however, was not as periodic as that found prior to buckling.
A circumferentially traveling wave flutter mode shape also
has been observed in an earlier test and reported by Olson
in Ref. 2.

4. Conclusions

Both theoretical and experimental observations indicate
that for the parametric range under consideration, the critical
buckling load and circumferential wave number of the static
instability of thin cylindrical shells are not significantly in-
fluenced by a supersonic flowfield. The theoretical analysis
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indicates that the freestream static pressure required to
initiate shell flutter is drastically reduced by the addition
of only a small amount of axial load. As the character of the
instability changes from flutter to static divergence, the
critical circumferential wave number changes from a low n
number (n ̂  10) to an n number corresponding to the still
air buckled shape for the shell geometry and internal pressure
considered. This trend also was observed experimentally.

The influence of increasing the amplitude of the initial
geometric imperfections was found to be destabilizing in both
the static buckling and aeroelastic stability studies. The
classical buckling analysis predicts a change in the circum-
ferential wave number of the instability from a high n number
at zero internal pressure to the axisymmetric instability as
the internal pressure is increased. This trend also has been
observed experimentally for very thin-walled cylindrical
shells.
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